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Abstract. A simple formula is given for generating Chern characters by repeated exterior differentiation for n-dimensional differentiable manifolds having a general linear
connection.
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This paper presents a simple formula for generating Chern characters by repeated exterior differentiation for n-dimensional differentiable manifolds having a
general linear connection.
The Chern characters ch(p) of such a manifold M are (2p)-forms as defined, for p > 0, by1-3
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ip
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where Ωa
b
 is the curvature 2-form of M.
The 1st ordinary exterior differentials of the basis tangent vectors ea of M
are given by4-6
d ea = eb ωa
b
, (2)
the contractions of which with the basis 1-forms ωb of M are given by
〈ωb, d ea〉 = ωab (3)
and in view of which the 1st absolute exterior differentials of ea are given by
D ea = d ea − eb ωa
b (4)
= 0,
where ωa
b
 is the connection 1-form of M and where the contractions of ωb
with ea are given by
〈ωb, ea〉 = δba, (5)
where δba is the Kronecker delta.
The 2nd ordinary exterior differentials of ea are given by7-16
d2 ea = d d ea (6)
= d eb ωa
b
= (d eb) ∧ ωab + eb d ωab
= ec ωb
c
 ∧ ωa
b
 + eb d ωa
b
= eb (d ωab + ωcb ∧ ωac)
= eb Ωa
b
,
the contractions of which with ωb are given by
〈ωb, d2 ea〉 = Ωab (7)
and where
Ωa
b
 = d ωa
b
 + ωc
b
 ∧ ωa
c (8)
= D ωa
b
 + ωa
c
 ∧ ωc
b
= d ωa
b
 − ωa
c
 ∧ ωc
b
= D ωa
b
 − ωc
b
 ∧ ωa
c
.
The 3rd ordinary exterior differentials of ea are given by
d3 ea = d d
2
 ea (9)
= d eb Ωa
b
= (d eb) ∧ Ωab + eb d Ωab
= (ec ωbc) ∧ Ωab + eb d Ωab
= ec Ωb
c
 ∧ ωa
b
using Bianchi’s identity for Ωa
b
,
17
 i.e.,
D Ωa
b
 = d Ωa
b
 − ωa
c
 ∧ Ωc
b
 + ωc
b
 ∧ Ωa
c (10)
= 0,
as well as by
d3 ea = d
2
 d ea (11)
= d2 eb ωa
b
= (d2 eb) ∧ ωab + eb d2 ωab
= (ec Ωbc) ∧ ωab + 0
= ec Ωb
c
 ∧ ωa
b
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using Poincaré’s theorem for scalar-valued exterior differential forms,18-19
i.e.,
d2 α = 0, (12)
where α is an arbitrary scalar-valued exterior differential form.
The 4th ordinary exterior differentials of ea are given by
d4 ea = d
2
 d2 ea (13)
= d2 eb Ωa
b
= (d2 eb) ∧ Ωab + eb d2 Ωab
= (ec Ωbc) ∧ Ωab + 0
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b
.
The pth ordinary exterior differentials of ea for 0 ≤ p ≤ 10 are given by
ea = eb δab, (14)
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b
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In general, the pth ordinary exterior differentials of ea for p > 0 are given (cf. Flanders20) by
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
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,
the contractions of which with ωa are given by
〈ωa, dp ea〉 =

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Equation (26) then yields the formula in question, viz.,
ch(p) = 
ip
2pπp p! 〈ωa, d2 p ea〉. (27)
For an aside, note that using Eq. (18) and taking the 0th ordinary exterior
differentials of ea to be given by
d0 ea = ea, (28)
the polynomial ch(p) for p = 0 is given by
ch(0) = 
i0
20π0 0! 〈ωa, d0 ea〉 (29)
= 〈ωa, ea〉
= δaa
= n,
where n, having appeared above, is the number of dimensions of M (cf.
Bradlow21).
Expressions for Chern characters and their formulas for 0 ≤ p ≤ 15 appear in
Table 1 (see below).
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TABLE 1. EXPRESSIONS FOR CHERN CHARACTERS AND THEIR FORMULAS FOR 0 ≤ p ≤ 15
ORDER CURVATUREDEPENDENCE
QUAN-
TITY
MINIMUM DIMEN-
SIONALITY OF M FORMULA p
th
 CHERN CHARACTER
p — ch(p) 2p
ip
2pπp p! 〈ωa, d2 p ea〉
ip
2pπp p! tr(Ω
p)
0 Zero ch(0) 0
i0
20π0 0! 〈ωa, d0 ea〉 n
1 Linear ch(1) 2
i1
21π1 1! 〈ωa, d2 ea〉
i
2 π tr(Ω)
2 Quadratic ch(2) 4 i
2
22π2 2! 〈ωa, d4 ea〉
− 1
8 π2 tr(Ω
2)
3 Cubic ch(3) 6
i3
23π3 3! 〈ωa, d6 ea〉
− i
48 π3 tr(Ω
3)
4 Quartic ch(4) 8 i
4
24π4 4! 〈ωa, d8 ea〉
1
384 π4 tr(Ω
4)
5 Quintic ch(5) 10 i
5
25π5 5! 〈ωa, d10 ea〉
i
3840 π5 tr(Ω
5)
6 Sextic ch(6) 12
i6
26π6 6! 〈ωa, d12 ea〉
− 1
46,080 π6 tr(Ω
6)
7 Septic ch(7) 14
i7
27π7 7! 〈ωa, d14 ea〉
− i
645,120 π7 tr(Ω
7)
8 Octic ch(8) 16
i8
28π8 8! 〈ωa, d16 ea〉
1
10,321,920 π8 tr(Ω
8)
9 Nonic ch(9) 18
i9
29π9 9! 〈ωa, d18 ea〉
i
185,794,560 π9 tr(Ω
9)
10 Decic ch(10) 20
i10
210π1010! 〈ωa, d20 ea〉
− 1
3,715,891,200 π10 tr(Ω
10)
11 Undecic ch(11) 22
i11
211π1111! 〈ωa, d22 ea〉
− i
81,749,606,400 π11 tr(Ω
11)
12 Duodecic ch(12) 24
i12
212π1212! 〈ωa, d24 ea〉
1
1,961,990,553,600 π12 tr(Ω
12)
13 Tredecic ch(13) 26
i13
213π1313! 〈ωa, d26 ea〉
i
51,011,754,393,600 π13 tr(Ω
13)
14 Quattuordecic ch(14) 28 i
14
214π1414! 〈ωa, d28 ea〉
− 1
1,428,329,123,020,800 π14 tr(Ω
14)
15 Quindecic ch(15) 30 i
15
215π1515! 〈ωa, d30 ea〉
− i
42,849,873,690,624,000 π15 tr(Ω
15)
16 Sexdecic ch(16) 32
i16
216π1616! 〈ωa, d32 ea〉
1
1,371,195,958,099,968,000π16 tr(Ω
16)
17 Septendecic ch(17) 34
i17
217π1717! 〈ωa, d34 ea〉
i
46,620,662,575,398,912,000π17 tr(Ω
17)
18 Octodecic ch(18) 36
i18
218π1818! 〈ωa, d36 ea〉
− 1
1,678,343,852,714,360,832,000π18 tr(Ω
18)
19 Novemdecic ch(19) 38
i19
219π1919! 〈ωa, d38 ea〉
− i
63,777,066,403,145,711,616,000π19 tr(Ω
19)
20 Vigintic ch(20) 40
i20
220π2020! 〈ωa, d40 ea〉
1
2,551,082,656,125,828,464,640,000π20 tr(Ω
20)
